Suppose B is a closed, densely denned linear operator on a Hilbert space and a > 0 . Denote {z\ | Im(z)| < b} by Hf,.
I. Introduction
The spectral theorem for unbounded operators on a Hilbert space asserts an equivalence between an operator iB generating a (uniformly) bounded strongly continuous group and B having a Q(R) functional calculus (this then implies that B is a scalar type spectral operator). In this paper, we show that, on a Hilbert space, iB generating an arbitrary strongly continuous group of bounded operators is equivalent to B having a functional calculus defined for H°° of a horizontal strip. More specifically, if we write H$ for {z\ |Im(z)| < <p}, iB generates a strongly continuous group of exponential type co if and only if B has an H00^^) functional calculus for all cf> > a>. The usual spectral theorem is a corollary of our result.
It is interesting that the holomorphic, or sectoral, analogue of these results is false; that is, there exist generators of bounded strongly continuous holomorphic semigroups on a Hilbert space that do not have H°° of a sector (where the spectrum of the generator is contained) functional calculi (see [16, 1] ). This would seem to imply that, in some sense, a strongly continuous group is "better" than a strongly continuous holomorphic semigroup, or a strip is better than a sector.
Another corollary of our results in this paper is a generalization of a result due to Mcintosh [15] . We show that, on a Hilbert space, A has bounded imaginary powers of exponential type 6 < n/2 ifandonlyif A has an //°°(5^) functional calculus, V0 > 8 , where Sg = {z\\ arg(z)| < 8}, without assuming that A is of type 8 (see Definition 1.3).
Some interesting work on H°° functional calculi appears in [1, 4, 6, 11, 15, 16, 18] . A property that is weaker than having an Hcc(Sg) functional calculus, for some 8 < n, and is equivalent on a Hilbert space, is having bounded imaginary powers. This property and many interesting applications have been studied recently in [1, 9, 10, 15, 17, 19] . A Banach space analogue of the spectral theorem appears in [2] .
In §11 we present some preliminary results on how to construct a functional calculus for B, on any Banach space, and what properties this functional calculus has. This is a special case of a sort of unbounded version of the RieszDunford functional calculus that is introduced in [8] . This enables us to define eB explicitly and gets our functional calculus started.
Throughout this paper, all operators are linear on a Banach space X. The space B(X) will be all bounded operators from X into itself. We will write p(A) for the resolvent set of the operator A , a (A) for the spectrum, 3(A) for the domain, and Im(^4) for the image. Note that, for 0 < 6 < n/2, this is equivalent to -A generating a bounded strongly continuous holomorphic semigroup of angle (n/2 -6). The adjective "bounded" means that, V0 < (n/2-d), WM^ such that \e~zA\ < Af0 , Vz € 50 . This class of operators has received a good deal of recent attention in connection with an operator having bounded imaginary powers or, what is stronger in general and equivalent on a Hilbert space, having an H°°(SV/) functional calculus, \>y > 0. Because of the close relationship between this particular functional calculus and being of type 6 , and in order to have more streamlined terminology, we make the following definition:
(b) For 0 < 6 < n, we will say that A is of super type 6 if, \fn > y > 6, A has an H°°(SV) functional calculus.
We would also like to introduce analogous definitions for generators of strongly continuous groups.
(c) If 6 > 0, we will say that B is of horizontal type 6 if iB generates a strongly continuous group of exponential type 8 ; that is, v> > 0 , 3MV such that \\eisB\\ KMye^, Vs eR. We think of type 8 , in (a), as sector type 8 . It is not hard to show that, if A is of (horizontal) super type 8 , then A is of (horizontal) type 8 .
II. Preliminaries
Throughout this paper, C will be a bounded, injective operator. Definition 2.1. A strongly continuous family of bounded operators {W(t)}t>o is a C-regularized semigroup if W(0) = C and W(t)W(s) = W(t + s)C, Vs, t > 0.
The generator is defined by Ax = C~l (lim W(t)x -Cx J with maximal domain; that is, ^(/i) equals the set of all x for which the limit exists and is in Im(C).
The generator is automatically closed. We think of W(t) as being e,AC.
Definition 2.2. The C-resohent set Pc(A) for A is the set of all complex X such that (X -A) is injective and Im(C) C lm(X -A).
Thus the operator (X -A)~XC is defined everywhere, for X e Pc(A), and is bounded, if A is a closed operator.
We will also write Oq(A) for the C-spectrum of A, the complement of Pc(A). Suppose X e Pc(B) and gx € 9. To conclude the proof, it is sufficient to show that X e p(B), since it is clear that f(B)C = Tf, Mf € 9, and Im(C) is dense. Since B is closed and (X-B) is injective, it is sufficient to show that (X-B) is surjective. Fix x £ X. By our construction, gx(B) is a bounded extension of (X-B)~l from Im(C) to X. Choose a sequence xn e Im(C) converging to x . Let yn = {X -B)~lx". Then yn -> gkx, and (X -B)yn -> x . Since (X -B) is closed, this implies that gxx £ 2)(B) and (X -B)gxx = x, as desired. □
The following shows how we may switch back and forth between sectors and horizontal strips. 
III. Main results
Throughout this section, X will be a Hilbert space. Lemma 2.10(3) now follows from Lemma 2.11. By Lemma 2.6(6), if C, = (X2 -By2, then CX(3(A)) is dense. But C\(3(A)) is contained in Im(C), since, for y £ 3(A), C\y = C(X\ -A)y. Thus Lemma 2.10(4) is also valid. □
The following is a version of our results that states the relationship between the rate of growth of the group and the upper bound on the norm of the functional calculus explicitly. Part (2) is valid on any Banach space. f(w)dp(w) Vf£C0(7Ta)r\H°°(Ha).
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By dominated convergence, lim (it(it + B)~xx, y) = \ lim it(it + w)~x dp(w) = dp(w) = (x,y).
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Since (it + B)~lx £ 2(B), V7, this concludes the proof. □ Corollary 3.3 (Spectral Theorem). Suppose iB generates a bounded strongly continuous group. Then B is a scalar-type spectral operator with real spectrum. Proof. Suppose \\eisB\\ < M, ViGR. By Theorem 3.2(1), with a = 0, for any g holomorphic and converging to zero at infinity, in a horizontal strip containing the real line, ||g(5)||<M2sup{|£(r)||/-eR}.
Since such functions are dense in C0(R), this shows that B has a Cn(R) functional calculus. Since X is reflexive, this implies that B is a scalar type spectral operator with real spectrum. □ Even when B is a bounded operator, Theorem 3.2 and Corollary 3.3 are surprising, in that they give much more information than could be obtained from the Riesz-Dunford functional calculus.
In the next theorem, (b) -» (a) is valid in any Banach space. Then B is of horizontal super type e and Hq°(Hc) is the largest Banach algebra 9 for which B has an 9 functional calculus.
Thus, even on a Hilbert space, our results are the best possible for generators of strongly continuous groups that are not uniformly bounded. For p = 1, eB is not of type 6 < n (see [14] ; here one may show directly with Fourier multiplier theory that the analytic generator is an extension of eB). Using multiplier theory, it is shown in [6] that (1) for 1 < p < oo, eB is of type zero, (2) for p ^ 2, eB does not have an H°°(Sg) functional calculus, for any 8 between 0 and n.
Thus B does not have an H°°(Hg) functional calculus, for p ^ 2, although B is of horizontal type zero. Thus the phenomena of this paper appear to be natural only to Hilbert spaces, even for generators of bounded strongly continuous groups. For example, co(x) = ex , but not co(x) = ex . Let X = L2(R, co(x) dx); that is, (f,g)= [ f(x)gJx~)co(x)dx.
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Then it may be shown that translation is strongly continuous on X. Let iB be the generator. Then by our results, iB is of super horizontal type e, where 1 . [ co(x + t)ẽ = sup -log sup----.
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